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The phase field method is a versatile, robust, and rigorous framework for topology optimization problems.
It is based on the penalization of the variation of the properties of designs (i.e. perimeter penalization),
and its variational approximation. It uses a smooth function, the phase-field, to represent the materials
involved in the device or the system.

Consider the following optimal design problem of finding p materials occupying p disjoint regions D1, . . . , Dp

of a ground domain Ω, and minimizing the objective function F , under a perimeter constraint:

(P) : inf
D1,...,Dp admissible

F (D1, . . . , Dp) +
∑

1≤i≤j≤p

length(∂Di ∩ ∂Dj).

In the phase field framework, one uses a single differentiable function ρ = (ρ1, . . . , ρp) to represent all the
materials. For any ε > 0, one defines the following problem:

(Pε) : inf
ρ

Fε(ρ) +
∫
Ω

1

ε
W (ρ) + ε|Dρ| dx,

where W is a p–wells function, such that W (ρ) = 0 if one and only one of the components of ρ is equal to
1, and strictly positive otherwise. Then, under some technical conditions on F , one can prove that when
ε → 0, the solutions of problem (Pε) converge in some sense to that of (P). Moreover, since (Pε) is a
well-posed problem, whose arguments are classical differential functions, the convergence result suggests a
numerical algorithm, that is to solve (Pε) for a “small enough” ε.

This framework has already been applied to several problems in structural optimization, including the
stiffness optimization of pressurized structures, as illustrated in the following figure.

Figure 1: Optimal design of pressurized structure. From left to right: schematic of the problem, phase
field ρ for the initial design on a half domain (blue corresponds to a liquid under pressure, magenta to
some elastic material and yellow to the void), and the final design.

In this talk, we will briefly present the general framework, detail its application to the stiffness optimization
of pressurized structures and illustrate the numerical implementation. experiments.


